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Abstract
Let E be an arbitrary directed graph and let L be the Leavitt path
algebra of the graph E over a field K. It is shown that every ideal of L
is an intersection of primitive/prime ideals in L if and only if the graph
E satisfies Condition (K). Uniqueness theorems in representing an ideal
of L as an irredundant intersection and also as an irredundant product of
finitely many prime ideals are established. Leavitt path algebras contain-
ing only finitely many prime ideals and those in which every ideal is prime
are described. Powers of a single ideal I are considered and it is shown
that the intersection
∞⋂
n=1
In is the largest graded ideal of L contained in I .
This leads to an analogue of Krull’s theorem for Leavitt path algebras.
1 Introduction and Preliminaries
Leavitt path algebras LK(E) of directed graphs E over a field K are algebraic
analogues of graph C∗-algebras C∗(E) and have recently been actively investi-
gated in a series of papers (see e.g. [2], [3], [4], [9], [12]). These investigations
showed, in a number of cases, how an algebraic property of LK(E) and the cor-
responding analytical property of C∗(E) are both implied by the same graphical
property of E, though the techniques of proofs are often different. The initial in-
vestigation of special types of ideals such as the graded ideals, the corresponding
2010 Mathematics Subject Classification: 16D70; Key words and phrases: Leavitt path
algebras, arbitrary graphs, prime ideals, intersections and factorizations.
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quotient algebras and the prime ideals of a Leavitt path algebra was essentially
inspired by the analogous investigation done for graph C∗-algebras. But an
extensive investigation of the ideal theory of Leavitt path algebras, as has been
done for commutative rings, is yet to happen.
This paper may be considered as a small step in exploring the multiplicative
ideal theory of Leavitt path algebras and was triggered by a question raised by
Professor Astrid an Huef. In the theory of C∗-algebras and, in particular, that
of the graph C∗-algebras, every (closed) ideal I of C∗(E) is the intersection of
all the primitive/prime ideals containing I (Theorem 2.9.7, [8]). In a recent
2015 CIMPA research school in Turkey on Leavitt path algebras and graph C∗-
algebras, Professor an Huef raised the question whether the preceding statement
is true for ideals of Leavitt path algebras. We first construct examples showing
that this property does not hold in general for Leavitt path algebras. We then
prove that, for a given graph E, every ideal of the Leavitt path algebra LK(E) is
an intersection of primitive/prime ideals if and only if the graph E satisfies Con-
dition (K). A uniqueness theorem is proved in representing an ideal of LK(E)
as the irredundant intersection of finitely many prime ideals. As a corollary, we
show that every ideal of LK(E) is a prime ideal if and only if (i) Condition (K)
holds in E, (ii) for each hereditary saturated subset H of vertices, |BH | ≤ 1 and
E0\H is downward directed and (iii) the admissible pairs (H,S) (see definition
below) form a chain under a defined partial order. Equivalently, all the ideals of
LK(E) are graded and form a chain under set inclusion. Following this, Leavitt
path algebras possessing finitely many prime ideals are described. We also give
conditions under which every ideal of a Leavitt path algebra is an intersection
of maximal ideals.
The graded ideals of a Leavitt path algebra possess many interesting prop-
erties. Using these, we examine the uniqueness of factorizing a graded ideal as
a product of prime ideals. A perhaps interesting result is that if I is a graded
ideal and I = P1 · · ·Pn is a factorization of I as an irredundant product of prime
ideals Pi, then necessarily all the ideals Pi must be graded ideals and moreover,
I = P1 ∩ . . . ∩ Pn. We also prove a weaker version of this result for non-graded
ideals. Finally, powers of an ideal in LK(E) are studied. While I
2 = I for any
graded ideal I, it is shown that, for a non-graded ideal I of LK(E), its powers
In (n ≥ 1) are all non-graded and distinct, but the intersection of the powers
∞⋂
n=1
In is always a graded ideal and is indeed the largest graded ideal of LK(E)
contained in I. As a corollary, we obtain an analogue of Krull’s theorem (The-
orem 12, section 7, [13]) for Leavitt path algebras: For an ideal I of LK(E), the
intersection
∞⋂
n=1
In = 0 if and only if I contains no vertices.
Preliminaries: For the general notation, terminology and results in Leavitt
path algebras, we refer to [2], [9] and [12]. For basic results in associative rings
and modules, we refer to [6]. We give below a short outline of some of the
needed basic concepts and results.
A (directed) graph E = (E0, E1, r, s) consists of two sets E0 and E1 together
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with maps r, s : E1 → E0. The elements of E0 are called vertices and the
elements of E1 edges.
A vertex v is called a sink if it emits no edges and a vertex v is called a
regular vertex if it emits a non-empty finite set of edges. An infinite emitter is
a vertex which emits infinitely many edges. For each e ∈ E1, we call e∗ a ghost
edge. We let r(e∗) denote s(e), and we let s(e∗) denote r(e). A path µ of length
|µ| = n > 0 is a finite sequence of edges µ = e1e2 · · · en with r(ei) = s(ei+1)
for all i = 1, · · ·, n− 1. In this case µ∗ = e∗n · · · e
∗
2e
∗
1 is the corresponding ghost
path. A vertex is considered a path of length 0. The set of all vertices on the
path µ is denoted by µ0.
A path µ = e1 . . . en in E is closed if r(en) = s(e1), in which case µ is said to
be based at the vertex s(e1). A closed path µ as above is called simple provided
it does not pass through its base more than once, i.e., s(ei) 6= s(e1) for all
i = 2, ..., n. The closed path µ is called a cycle if it does not pass through any
of its vertices twice, that is, if s(ei) 6= s(ej) for every i 6= j.
An exit for a path µ = e1 . . . en is an edge e such that s(e) = s(ei) for some
i and e 6= ei. We say the graph E satisfies Condition (L) if every cycle in E
has an exit. The graph E is said to satisfy Condition (K) if every vertex which
is the base of a closed path c is also a base of another closed path c′ different
from c.
If there is a path from vertex u to a vertex v, we write u ≥ v. A subset D
of vertices is said to be downward directed if for any u, v ∈ D, there exists a
w ∈ D such that u ≥ w and v ≥ w. A subset H of E0 is called hereditary if,
whenever v ∈ H and w ∈ E0 satisfy v ≥ w, then w ∈ H . A hereditary set is
saturated if, for any regular vertex v, r(s−1(v)) ⊆ H implies v ∈ H .
Given an arbitrary graph E and a field K, the Leavitt path algebra LK(E)
is defined to be the K-algebra generated by a set {v : v ∈ E0} of pair-wise
orthogonal idempotents together with a set of variables {e, e∗ : e ∈ E1} which
satisfy the following conditions:
(1) s(e)e = e = er(e) for all e ∈ E1.
(2) r(e)e∗ = e∗ = e∗s(e) for all e ∈ E1.
(3) (The ”CK-1 relations”) For all e, f ∈ E1, e∗e = r(e) and e∗f = 0 if e 6= f .
(4) (The ”CK-2 relations”) For every regular vertex v ∈ E0,
v =
∑
e∈E1,s(e)=v
ee∗.
Every Leavitt path algebra LK(E) is a Z-graded algebra LK(E) =
⊕
n∈Z
Ln
induced by defining, for all v ∈ E0 and e ∈ E1, deg(v) = 0, deg(e) = 1,
deg(e∗) = −1. Further, for each n ∈ Z, the homogeneous component Ln is
given by
Ln = {
∑
kiαiβ
∗
i ∈ L : |αi| − |βi| = n} .
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An ideal I of LK(E) is said to be a graded ideal if I =
⊕
n∈Z
(I ∩ Ln).
We shall be using the following concepts and results from [12]. A breaking
vertex of a hereditary saturated subset H is an infinite emitter w ∈ E0\H with
the property that 0 < |s−1(w) ∩ r−1(E0\H)| < ∞. The set of all breaking
vertices of H is denoted by BH . For any v ∈ BH , vH denotes the element
v −
∑
s(e)=v,r(e)/∈H ee
∗. Given a hereditary saturated subset H and a subset
S ⊆ BH , (H,S) is called an admissible pair. The set H of all admissible pairs
becomes a lattice under a partial order ≤′ under which (H1, S1) ≤′ (H2, S2) if
H1 ⊆ H2 and S1 ⊆ H2∪S2. Given an admissible pair (H,S), the ideal generated
by H∪{vH : v ∈ S} is denoted by I(H,S). It was shown in [12] that the graded
ideals of LK(E) are precisely the ideals of the form I(H,S) for some admissible
pair (H,S). Moreover, LK(E)/I(H,S) ∼= LK(E\(H,S)). Here E\(H,S) is the
Quotient graph of E in which (E\(H,S))0 = (E0\H) ∪ {v′ : v ∈ BH\S} and
(E\(H,S))1 = {e ∈ E1 : r(e) /∈ H} ∪ {e′ : e ∈ E1, r(e) ∈ BH\S} and r, s
are extended to (E\(H,S))0 by setting s(e′) = s(e) and r(e′) = r(e)′. For a
description of non-graded ideals of LK(E), see [10].
A useful observation is that every element a of LK(E) can be written as
a =
n∑
i=1
kiαiβ
∗
i , where ki ∈ K, αi, βi are paths in E and n is a suitable integer.
Moreover, LK(E) =
⊕
v∈E0
LK(E)v =
⊕
v∈E0
vLK(E). Further, the Jacobson radical
of LK(E) is always zero (see [2]). Another useful fact is that if p
∗q 6= 0, where
p, q are paths, then either p = qr or q = ps where r, s are suitable paths in E.
Let Λ be an arbitrary infinite index set. For any ring R, we denote byMΛ(R)
the ring of matrices over R with identity whose entries are indexed by Λ × Λ
and whose entries, except for possibly a finite number, are all zero. It follows
from the works in [1], [7] that MΛ(R) are Morita equivalent to R.
Throughout this paper, E will denote an arbitrary graph (with no restriction
on the number of vertices and the number of edges emitted by each vertex) and
K will denote an arbitrary field. For convenience in notation, we will denote,
most of the times, the Leavitt path algebra LK(E) by L.
2 Intersections of prime ideals
In this section, we give necessary and sufficient conditions under which every
ideal of a Leavitt path algebra L of an arbitrary graph E is the intersection of
prime/primitive ideals. As applications, conditions on the graph E are obtained
under which (a) every ideal of L is a prime ideal and (b) when L contains
only a finite number of prime ideals. A uniqueness theorem for irredundant
intersections of prime ideals is also obtained. We also obtain conditions under
which every ideal of L is an intersection of maximal ideals.
Remark: In this and the next section, by an ideal I we mean an ideal I of
L such that I 6= L.
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Lemma 2.1 Let I be a graded ideal a Leavitt path algebra L of an arbitrary
graph E. Then I is the intersection of all primitive (and hence prime) ideals
containing I.
Proof. Let H = I ∩ E0 and S = {v ∈ BH : vH ∈ I}. By [12], the graded
ideal I = I(H,S), the ideal generated by H ∪ {vH : v ∈ S}. Also, L/I ∼=
LK(E\(H,S)). Since the Jacobson radical of LK(E\(H,S)) is zero, we conclude
that the intersection of all primitive ideals of LK(E\(H,S)) is 0. This means
that I is the intersection of all the primitive ideals of L containing I. Moreover,
since every primitive ideal is prime, we conclude that I is the intersection of all
prime ideals containing I.
The next example shows that a non-graded ideal of a Leavitt path algebra
need not be an intersection of all the prime/primitive ideals containing it.
Example 2.2 Let E be a graph with one vertex v and a loop c so s(c) = v =
r(c). Thus E is the graph
•v
c

Consider the ideal B = 〈p(c)〉 of LK(E) where p(x) is an irreducible polynomial
in K[x, x−1]. We claim that B2 is not an intersection of prime ideals in LK(E).
To see this, first observe that LK(E)
θ
∼= R = K[x, x−1] under the map θ mapping
v 7→ 1, c 7→ x and c∗ 7→ x−1. Then B ∼= A =< p(x) >, the ideal generated by
p(x) in R. So it is enough if we show that N = A2 cannot be an intersection
of prime ideals of R. Suppose, on the contrary, N =
⋂
λ∈Λ
Mλ where Λ is an
arbitrary index set and each Mλ is a (non-zero) prime ideal of R. Note that
each Mλ is a maximal ideal of R, as R is a principal ideal domain. Then there
is a homomorphism φ : R →
∏
λ∈Λ
R/Mλ given by r 7−→ (· · ·, r +Mλ, · · ·) with
ker(φ) = N . Now A¯ = φ(A) ∼= A/N 6= 0 satisfies (A¯)2 = 0 and this is impossible
since
∏
λ∈Λ
R/Mλ, being a direct product of fields, does not contain any non-zero
nilpotent elements.
We wish to point out that, unlike the case of graded ideals, there are non-
graded ideals in a Leavitt path algebra some of which (such as the ideal N in
the above example) are not intersections of prime/primitive ideals and there are
also some non-graded ideals that are intersections of prime ideals. To obtain an
example of the latter, different from the above, consider the Toeplitz algebra
LK(E) where E is a graph with two vertices v, w, a loop c with s(c) = v = r(c)
and an edge f with s(f) = v and r(f) = w. Thus E is the graph
•v
c
 f
// •w
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Then the ideals A = 〈w, v + c〉, B =
〈
w, v + c2
〉
and I =
〈
w, (v + c)(v + c2)
〉
are all non-graded ideals of LK(E) (see Proposition 6, [10]). Now LK(E)/ 〈w〉 ∼=
K[x, x−1] under the map v + 〈w〉 7−→ 1, c + 〈w〉 7−→ x and c∗ + 〈w〉 7−→ x−1.
Since 1 + x and 1 + x2 are irreducible polynomials in the principal ideal do-
main K[x, x−1], 〈1 + x〉 ∩
〈
1 + x2
〉
=
〈
(1 + x)(1 + x2)
〉
and moreover the ideals
〈1 + x〉 and
〈
1 + x2
〉
are maximal ideals. Thus A/ 〈w〉 and B/ 〈w〉 are maximal
ideals whose intersection is I/ 〈w〉. Hence the non-graded ideal I = A∩B is an
intersection of two primitive/prime ideals of LK(E).
We next explore conditions under which every ideal in a Leavitt path algebra
is an intersection of prime/primitive ideals.
To begin with, we need a result on lattice isomorphisms. In general, a lattice
isomorphism between two lattices need not preserve infinite infemums. But for
complete lattices, the infemum is preserved. This assertion is perhaps folklore
and we need it in the proofs of couple of statements below. Since we could not
find this statement explicitly stated or proved in our literature search, we record
it in the next Lemma and outline its easy proof.
Lemma 2.3 Let f : (L,≤) −→ (L′,≤) be an isomorphism of two complete
lattices. Let Y be any finite or infinite index set and let Pi ∈ L for each i ∈ Y .
Then f(
∧
i∈Y
Pi) =
∧
i∈Y
f(Pi).
Proof. Let A =
∧
i∈Y
Pi. Clearly f(A) ≤
∧
i∈Y
f(Pi). Suppose B ≤ f(Pi) for all
i ∈ Y . Then f−1(B) ≤ f−1f(Pi) = Pi for all i. Hence f−1(B) ≤
∧
i∈Y
Pi = A.
Then B = f(f−1(B)) ≤ f(A). Consequently, f(A) =
∧
i∈Y
f(Pi).
Lemma 2.4 Suppose E is an arbitrary graph which does not satisfy Condition
(L). Then there is an ideal I of the corresponding Leavitt path algebra L :=
LK(E) which is not an intersection of prime/primitive ideals of L.
Proof. Since Condition (L) does not hold, there is a cycle c based at a vertex v
having no exits in E. Now the ideal A generated by the vertices on c is isomor-
phic to MΛ(K[x, x
−1]) where Λ is an index set representing the set of all paths
that end at c but do not include all the edges e (see [3]). Also MΛ(K[x, x
−1])
is Morita equivalent to K[x, x−1] (see [1], [7]) and so its lattice of ideals is iso-
morphic to the lattice of ideals of K[x, x−1] and that prime (primitive) ideals
correspond to prime (primitive) ideals under this isomorphism (see [6]). Then,
in view of Lemma 2.3, the ideal N of MΛ(K[x, x
−1]) that corresponds to the
ideal N of K[x, x−1] constructed in Example 2.2 is not an intersection of prime
ideals and hence not an intersection of primitive ideals containing it. Let I
denote the ideal of A that corresponds to the ideal N under the isomorphism
A −→ MΛ(K[x, x−1]). Now MΛ(K[x, x−1]) and hence A is a ring with local
units and so every ideal of A is also an ideal of L. The existence of local units
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in A also implies that if P is a prime ideal of L, then P ∩ A is a prime ideal of
A. Consequently, I will be an ideal of L which is not an intersection of prime
ideals of L. This implies that I is also not an intersection of primitive ideals.
The next theorem describes conditions under which every ideal of a Leavitt
path algebra is an intersection of prime ideals.
Theorem 2.5 Let E be an arbitrary graph. Then the following properties are
equivalent for L := LK(E):
(i) Every ideal I of L is the intersection of all the primitive ideals containing
I;
(ii) Every ideal I of L is the intersection of all the prime ideals containing I;
(iii) The graph E satisfies Condition (K).
Proof. Now (i)⇒(ii), since every primitive ideal is also a prime ideal.
Assume (ii). Suppose, on the contrary, E does not satisfy Condition (K).
Then, by (Proposition 6.12, [12]), there is an admissible pair (H,S) where H
is a hereditary saturated subset of vertices and S ⊆ BH such that the quotient
graph E\(H,S) does not satisfy Condition (L). By Lemma 2.4, there is an ideal
I¯ in LK(E\(H,S)) which is not an intersection of all prime ideals containing I¯
in LK(E\(H,S)). Now L/I(H,S) ∼= LK(E\(H,S)) and so the ideal A/I(H,S)
that corresponds to I¯ under the preceding isomorphism is not an intersection of
prime ideals in L/I(H,S). This implies that the ideal A is not an intersection
of all the prime ideals containing A in L. This contradiction shows that E must
satisfy Condition (K), thus proving (iii).
Assume (iii) so that E satisfies Condition (K). Then, by (Theorem 6.16,
[12]), every ideal of L is graded. By Lemma 2.1, every ideal of L is then an
intersection of primitive ideals. This proves (i).
We next prove the uniqueness of representing an ideal of L as an irredundant
intersection of finitely many prime ideals. We use the known ideas of proving
such statements. Recall that an intersection P1∩···∩Pm of ideals is irredundant
if no Pi contains the intersection of the other m− 1 ideals Pj , j 6= i.
Proposition 2.6 Suppose A = P1 ∩ . . .∩Pm = Q1 ∩ . . .∩Qn are two represen-
tations of an ideal A of L as irredundant intersections of finitely many prime
ideals Pi and Qj of L. Then m = n and {P1, . . . , Pm} = {Q1, . . . , Qm}.
Proof. Now the product Q1Q2 · · ·Qn ⊆ A ⊆ P1 and P1 is a prime ideal. Hence
Qj1 ⊆ P1 for some j1 ∈ {1, . . . , n}. Similarly, the product P1 · · · Pm ⊆ A ⊆ Qj1
and since Qj1 is prime, Pi ⊆ Qj1 for some i ∈ {1, . . . ,m}. Thus Pi ⊆ P1
and, by irredundancy, i = 1. Hence P1 = Qj1 . Starting with P2, using similar
arguments, we obtain P2 = Qj2 for some Qj2 . Now Qj2 6= Qj1 , since otherwise
P1 = P2 which is not possible by irredundancy. Proceeding like this we reach
the conclusion that {P1, . . . , Pm} ⊆ {Q1, . . . , Qn}. Reversing the role of Pi
and Qj, starting with the Qj and proceeding as before, we can conclude that
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{Q1, . . . , Qn} ⊆ {P1, . . . , Pm}. Thus m = n and {P1, . . . , Pm} = {Q1, . . . , Qm}.
We next explore the conditions on the graph E under which will every ideal
of LK(E) is a prime ideal.
Proposition 2.7 Let E be an arbitrary graph. Then the following are equiva-
lent for L := LK(E):
(a) Every ideal of L is a prime ideal;
(b) The graph E satisfies Condition (K), and
(i) the set (H,≤′) of all the admissible pairs (H,S) in E is a chain
under the defined partial order ≤′,
(ii) for each hereditary saturated set H of vertices, |BH | ≤ 1 and
(iii) for each (H,S) ∈ H, (E\(H,S))0 is downward directed;
(c) All the ideals of L are graded and form a chain under set inclusion.
Proof. Assume (a). By Theorem 2.5, the graph E satisfies Condition (K).
Suppose there are two admissible pairs (H1, S1) and (H2, S2) such that
(H1, S1) 
′ (H2, S2) and (H2, S2) 
′ (H1, S1).
Then the ideal Q = I(H,S), where (H,S) = (H1, S1)∧ (H2, S2), is not a prime
ideal. To see this, observe that the lattice (H,≤′) of all the admissible pairs is
isomorphic to the lattice of graded ideals of L (see Theorem 5.7, [12]) and that
I(H1, S1) · I(H2, S2) ⊆ I(H1, S1) ∩ I(H2, S2) = I(H,S)
but I(H1, S1) * I(H,S) and I(H2, S2) * I(H,S). Thus the set H of all the
admissible pairs must form a chain under the defined partial order ≤′. Now for
any given hereditary saturated set H of vertices, |BH | ≤ 1. Because, otherwise,
BH will contain two subsets S1 and S2 such that S1 * S2 and S2 * S1 and
this will give rise to admissible pairs (H,S1) 
′ (H,S2) and (H,S2) 
′ (H,S1),
a contradiction. Also, since for each (H,S) ∈ H, I(H,S) is a prime ideal, it
follows from Theorem 3.12 of [9], that (E\(H,S))0 is downward directed. This
proves (b).
Assume (b). Since the graph satisfies Condition (K), every ideal of L is
graded and so is of the form I(H,S) for some admissible pair (H,S) ∈ H. Since
(H,≤′) is a chain and is isomorphic to the lattice of ideals of L, it follows that
the ideals of L form a chain under set inclusion. This proves (c).
Assume (c). Let P be any ideal of L. Suppose I, J are two ideals such that
IJ ⊆ P . By hypothesis, one of them is contained in the other, say I ⊆ J .
Moreover, since the ideals are graded, I = I2 ( by Corollary 2.5, [4]) and so
I = IJ ⊆ P . Thus P is a prime ideal and this proves (a).
The following example illustrates the conditions of Proposition 2.7.
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Example 2.8 Let E be a graph with E0 = {vi : i = 1, 2, · · ·}. For each i, there
is an edge ei with r(ei) = vi and s(ei) = vi+1 and at each vi there are two loops
fi, gi so that vi = s(fi) = r(fi) = s(gi) = r(gi). Thus E is the graph
// •v3
f3
**
g3
tt
e2
11 •v2
f2
**
g2
tt
e1
11 •v1
f1
**
g1
tt
Clearly E is a row-finite graph and the non-empty proper hereditary saturated
subsets of vertices in E are the sets Hn = {v1, · · ·, vn} for some n ≥ 1 and form
a chain under set inclusion. Clearly, E0\(Hn, ∅) is downward directed for each
n. Thus the ideals of L are graded prime ideals of the form I(Hn, ∅) and they
form a chain under set inclusion. It may be worth noting that LK(E) does not
contain maximal ideals.
Remark 2.9 As a property that is diametrically opposite of the property of L
stated in Proposition 2.7, one may ask under what conditions a Leavitt path
algebra contains no prime ideals. It may be some interest to note that, while
a Leavitt path algebra L may not contain a maximal ideal as indicated in Ex-
ample 2.8, L will always contain a prime ideal. Indeed if the graph E satisfies
Condition (K), then Theorem 2.5 implies that L contains prime ideals. Suppose
E does not satisfy Condition (K). Then there will be a closed path c based at a
vertex v in E such that no vertex on c is the base of another closed path in E.
If H = {u ∈ E0 : u  v}, then E0\H is downward directed and, by Theorem
3.12 of [9], I(H,BH) will be a prime ideal of L. Thus a Leavitt path algebra L
always contains a prime ideal.
Another consequence of Theorem 2.5 is the following Proposition.
Proposition 2.10 Let E be an arbitrary graph. Then the following properties
are equivalent for L := LK(E):
(a) L contains at most finitely many prime ideals;
(b) L contains at most finitely many prime ideals and all of them are graded
ideals;
(c) The graph E satisfies Condition (K) and there are only finitely many
hereditary saturated subsets H of vertices with the corresponding set of
breaking vertices BH finite;
(d) L has at most finitely many ideals.
Proof. Assume (a). If L contains a non-graded prime ideal P and H = P ∩E0,
then, by Theorem 3.12 of [9], P = 〈I(H,BH), f(c)〉, where f(x) is an irreducible
polynomial belonging to the Laurent polynomial ring K[x, x−1]. Then, for each
of the infinitely many prime ideals g(x) ∈ K[x, x−1], we will have a prime ideal
Pg = 〈I(H,BH), g(c)〉 of L, a contradiction. So all the prime ideals of L are
graded. This proves (b).
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Assume (b). Since every prime ideal of L is graded, E satisfies Condition
(K), by Corollary 3.13 of [9]. Then, by Theorem 2.5, every ideal of L is an
intersection of prime ideals. Since there are only finitely many distinct possible
intersections of finitely many prime ideals, L contains only a finite number of
ideals all of which are graded. The conclusion of (c) then follows from Corollary
12 of [10].
It is clear (c)⇒(d)⇒(a).
Remark 2.11 As a natural follow-up of Theorem 2.5, one may wish to explore
the conditions on E under which every ideal of L, instead of being an intersection
of possibly infinitely many prime ideals, just an intersection of no more than a
finite number of prime ideals of L. In this case, {0} will be the intersection
of only a finite number of prime ideals. This means L itself contains only a
finitely many prime ideals. Since every ideal of L is an intersection of prime
ideals belonging to this finite set, it is clear that L must then contain only a
finite number of ideals. Thus, this property is then equivalent to the graph E
satisfying the condition of (c) of the above Proposition 2.10.
Another question, that is naturally related to Theorem 2.5, is to find condi-
tions under which every ideal of a Leavitt path algebra LK(E) is an intersection
of maximal ideals. For finite graphs E, more specifically when E0 is finite, we
have a complete, easily derivable, answer.
Proposition 2.12 Let E be a graph with E0 finite. Then the following are
equivalent for L := LK(E):
(a) Every ideal of L is an intersection of maximal ideals of L;
(b) L = S1 ⊕ · · · ⊕ Sn where n > 0 is an integer, each Si is a graded ideal
which is a simple ring with identity and ⊕ is ring direct sum;
(c) Every ideal of L is graded and is a ring direct summand of L;
(d) The graph E satisfies Condition (K) and E0 is the disjoint union of a
finite number of hereditary saturated subsets Hi each of which contains no
non-empty proper hereditary saturated subsets of vertices.
Proof. Assume (a). Since every maximal ideal is prime, Theorem 2.5 implies
that Condition (K) holds in E and so, by Theorem 6.16 of [12], every ideal
of L is graded. Since E0 is finite, we conclude, from the description of the
graded ideals in Theorem 5.17, [12], that L contains only a finite number of
ideals and, in particular, finitely many maximal ideals. So we can write, by
hypothesis, {0} = M1 ∩ · · · ∩ Mn where the Mi are all the maximal ideals
of L. Now apply the Chinese Remainder Theorem to conclude that the map
a 7→ (a+M1, · · ·, a+Mn) is an epimorphism and hence an isomorphism θ from
L to L/M1⊕·· ·⊕L/Mn. For each i, let Si be the (graded) ideal of L isomorphic
to L/Mi under the isomorphism θ. Then Si is a simple ring with identity and
L =
n⊕
i=1
Si. This proves (b).
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Assume (b). Let A be a non-zero ideal of L. Then A = (A∩S1)⊕···⊕(A∩Sn).
Since the Si are all simple rings, A ∩ Si = 0 or Si. Hence A = Si1 ⊕ · · · ⊕ Sik ,
where {i1, · · ·, ik} ⊆ {1, · · ·, n} and A is a direct summand of L. Also A is clearly
a graded ideal of L. This proves (c).
Assume (c). Since L is a ring with identity 1, L contains maximal ideals M
which are all direct summands of L and whose complements S will be ideals
containing no other non-zero ideals of L. Now the graded ideal S contains local
units, as it is isomorphic to a Leavitt path algebra, by Theorem 6.1 of [11]. This
implies that every ideal of S is also an ideal of L and so the ideal S will be a
simple ring. Moreover, S is generated by a central idempotent, as it is a ring
direct summand of a ring with identity. By Zorn’s Lemma choose a maximal
family {Si : i ∈ I} of distinct ideals Si of L each of which is a simple ring. We
claim that L =
∑
i∈I
Si. Otherwise, choose an ideal M maximal with respect to
the property that
∑
i∈I
Si ⊆ M , but 1 /∈ M . M is clearly a maximal ideal of L.
Since M is a direct summand, L = M ⊕ S and this case, {S} ∪ {Si : i ∈ I}
violates the maximality of {Si : i ∈ I}. Hence L =
∑
i∈I
Si. Actually, L =
⊕
i∈I
Si
as each Si is generated by a central idempotent. Since L is a ring with identity,
I must be a finite set. This proves (b).
Assume (b). For each j, let Mj =
⊕
i6=j,1≤i≤n
Si be a maximal ideal of L.
Clearly
n⋂
j=1
Mj = 0. Moreover, if A be any ideal of L, then A is a direct sum of
a subcollection of the summands Si and then it is easy to see that A =
⋂
A⊆Mj
Mj .
This proves (a).
We prove (b) ⇔ (d). Assume (b). It is clear that each ideal A of L is
a direct sum of a subset of the graded ideals Si and hence is graded. This
implies that the graph E satisfies Condition (K). Now for each i, the graded
ideal Si is a simple ring and so contains no non-zero proper ideal of L. Hence
Hi = Si ∩ E
0 is a hereditary saturated set and contains no proper non-empty
hereditary saturated subset of vertices. Also SiSj = 0 for all i 6= j and this
implies that the sets Hi are all pair-wise disjoint. Further E
0 =
n⋃
i=1
Hi. This
proves (d).
Assume (d) so, for some n > 0, E0 =
n⋃
i=1
Hi, where the Hi are pair-wise
disjoint hereditary saturated subsets having no proper non-empty hereditary
saturated subsets of vertices in E. It is clear that
E0\Hi = {u ∈ E
0 : u  v for any v ∈ Hi}.
For each i = 1, · · ·, n, let Ei be the subgraph with (Ei)0 = Hi and (Ei)1 =
{e ∈ E1 : s(e) ∈ Hi}. Clearly each Ei is a complete subgraph of E satisfying
Condition (K) and having no proper non-empty hereditary saturated subsets
of vertices. Moreover, the graphs Ei are all pair-wise disjoint. It then follows
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that L ∼=
n⊕
i=1
LK(Ei), where each LK(Ei) is a simple ring with identity (see [2]).
This proves (b).
Remark 2.13 In the case when E is an arbitrary graph, we have the following
(perhaps not a satisfactory) answer to the above question: Every ideal of L is
an intersection of maximal ideals if and only if, every ideal of L is graded and
for each ideal A of L (including the zero ideal), L/A is a subdirect product of
simple Leavitt path algebras. To see this, note that if A =
⋂
i∈I
Mi where the Mi
are maximal ideals, then we get a homomorphism θ : L −→
∏
i∈I
L/Mi given by
x 7−→ (· · ·, x +Mi, · · ·) with ker(θ) = A. Clearly θ(L) maps onto L/Mi under
the coordinate projection ηi :
∏
i∈I
L/Mi −→ L/Mi. This shows that L/A is
a subdirect product of the simple rings L/Mi each of which can be realized as
a Leavitt path algebra as each Mi is a graded ideal of L. Conversely, suppose
L/A ⊆
∏
i∈I
Li is a subdirect product of simple rings Li and, for each i ∈ I,
ηi :
∏
i∈I
Li −→ Li is the coordinate projection. For each i ∈ I, let Ai ⊇ A denote
the ideal of L such that Ai = L ∩ ker(ηi). Then it is easy to see that each Ai is
a maximal ideal of L and A =
⋂
i∈I
Ai.
3 Prime factorization and powers of an ideal
In this section, we consider the question of factorizing an ideal of a Leavitt path
algebra L as a product of prime ideals. We first obtain a unique factorization
theorem for a graded ideal of L as a product of prime ideals. A perhaps interest-
ing result is that if I is a graded ideal and I = P1 · · ·Pn is a factorization of I as
an irredundant product of prime ideals Pi, then necessarily all the ideals Pi must
be graded ideals and moreover, I = P1 ∩ . . . ∩ Pn. We also point out a weaker
factorization theorem for non-graded ideals as products of primes. We end this
section by showing that, given any non-graded ideal I in a Leavitt path algebra
L, its powers In (n ≥ 1) are all non-graded and distinct, but the intersection
of its powers
∞⋂
n=1
In is a graded ideal and is indeed the largest graded ideal of
L contained in I. As a corollary, we obtain an analogue of Krull’s theorem for
Leavitt path algebra (see [13]): The intersection
∞⋂
n=1
In = 0 for an ideal I of L
if and only if I contains no vertices of E.
We begin with a useful property of graded ideals.
Lemma 3.1 Let E be an arbitrary graph and let I be a graded ideal of L :=
LK(E). Then I = P1 · · · Pn is a product of arbitrary ideals Pi if and only if
I = P1 ∩ . . . ∩ Pn.
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Proof. Suppose I = P1 ∩ . . . ∩ Pn. Clearly P1 · · · Pn ⊆ P1 ∩ . . . ∩ Pn = I. To
prove the reverse inclusion, note that, by (Theorem 6.1, [11]), the graded ideal
I is isomorphic to a Leavitt path algebra of a suitable graph and so it contains
local units. Let a ∈ P1 ∩ . . . ∩ Pn. Then there is a local unit u = u2 ∈ I such
that ua = a = au. Since, for each i, u ∈ Pi, multiplying a by u on the right
(n− 1) times, we obtain a = au . . . u ∈ P1 · · · Pn. Hence I = P1 · · · Pn.
Conversely, suppose I = P1 · · · Pn. If I 6= P1 ∩ . . . ∩ Pn, then, in L/I,
(P1 ∩ . . . ∩ Pn)/I is a non-zero nilpotent ideal whose n−th power is zero. This
is a contradiction since L/I is isomorphic to a Leavitt path algebra, as I is a
graded ideal. Hence I = P1 ∩ . . . ∩ Pn.
As the operation ∩ is commutative, we obtain from the preceding Lemma
the following corollary.
Corollary 3.2 If a graded ideal I of LK(E) is a product of ideals I = P1 · · ·Pn,
then I is equal to any permuted product of these ideals, that is, I = Pσ(1) ···Pσ(n)
where σ is a permutation of the set {1, . . . , n}.
We now are ready to prove a uniqueness theorem in factorizing a graded ideal
of a Leavitt path algebra as a product of prime ideals. Recall that I = P1 · · ·Pn
is an irredundant product of the ideals Pi, if I is not the product of a proper
subset of this set of n ideals Pi.
Theorem 3.3 Let E be an arbitrary graph and let I be a graded ideal of L :=
LK(E).
(a) If I = P1 · · ·Pm is an irredundant product of prime ideals Pi, then all the
ideals Pi are graded and I = P1 ∩ . . . ∩ Pm.
(b) If
I = P1 · · · Pm = Q1 · · ·Qn
are two irredundant products of prime ideals Pi and Qj, then m = n and
{P1, . . . , Pm} = {Q1, . . . , Qm}.
Proof. (a) Now, by Lemma 3.1, I = P1 ∩ . . . ∩ Pm which is an irredundant
intersection as P1 · · ·Pm is an irredundant product. Note that the graded ideal
I ⊆ gr(Pi) for all i = 1, . . . , n, where gr(Pi) denotes the largest graded ideal
contained in Pi (see Lemma 3.6, [9]). Now
I ⊆ gr(P1) ∩ . . . ∩ gr(Pm) ⊆ P1 ∩ . . . ∩ Pm = I.
So we conclude that I = gr(P1) ∩ . . . ∩ gr(Pm). A priori, it is not clear
whether I = gr(P1) ∩ . . . ∩ gr(Pm) is an irredundant intersection. Suppose
{gr(Pi1), . . . , gr(Pik )} is a subcollection of the ideals gr(Pi) such that I =
gr(Pi1 ) ∩ . . . ∩ gr(Pik ) is an irredundant intersection. Note that each gr(Pir ),
for r = 1, . . . , k, is a prime ideal, as each Pir is a prime ideal (Lemma 3.8, [9]).
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Then, by Proposition 2.6, k = m and {gr(Pi1), . . . , gr(Pik )} = {P1, . . . , Pm}.
By irredundancy, each Pi = gr(Pi) and hence is a graded ideal.
(b) If I = P1 · · · Pm = Q1 · · · Qn are two irredundant products of prime
ideals Pi and Qj, then, by Lemma 3.1,
I = P1 ∩ . . . ∩ Pm = Q1 ∩ . . . ∩Qn
are two irredundant intersections of prime ideals and so, by Proposition 2.6,
m = n and {P1, . . . , Pm} = {Q1, . . . , Qm}.
As noted earlier, for graded ideals A and B, the property that A ∩B = AB
came in handy in proving the uniqueness theorem. This property does not
always hold for non-graded ideals. For an easy example consider Example 2.2.
Observe that every non-zero ideal of LK(E) ∼= K[x, x−1] is non-graded. Let A =〈
(v + c)2
〉
and B =
〈
v − c2
〉
. Then A ∩B 6= AB as A ∩ B =
〈
(v + c)(v − c2)
〉
while AB =
〈
(v + c)2(v − c2)
〉
.
For ideals which are not necessarily graded, we next prove a weaker version
of a uniqueness theorem. For convenience, we call a product of ideals P1 · · · Pm
tight if Pi * Pj for all i 6= j. Note that a tight product of prime ideals is
necessarily an irredundant product.
Proposition 3.4 Let E be an arbitrary graph. Suppose
A = P1 · · · Pm = Q1 · · ·Qn
are two representations of an ideal A of LK(E) as tight products of prime ideals
Pi and Qj. Then m = n and {P1, . . . , Pm} = {Q1, . . . , Qm}.
Proof. Now the prime ideal P1 ⊇ Q1 · · ·Qn and so P1 ⊇ Qi1 for some i1. By
a similar argument, Qi1 ⊇ Pj for some j. Then P1 ⊇ Qi1 ⊇ Pj and since the
product is tight, P1 = Pj . So P1 = Qi1 . Next start with P2 and proceed as
before to conclude that P2 = Qi2 6= Qi1 . Proceeding like this we conclude that
{P1, . . . , Pm} ⊆ {Q1, . . . , Qn}. Reversing the role and starting with the Q’s and
proceeding as before, we get {Q1, . . . , Qn} ⊆ {P1, . . . , Pm}. Thus m = n and
{P1, . . . , Pm} = {Q1, . . . , Qm}.
Next we consider the powers of an ideal I. We begin with the following
useful Lemma.
Lemma 3.5 Suppose E is an arbitrary graph and L := LK(E). Let c be a cycle
in E with no exits based at a vertex v and let B = 〈p(c)〉 be the ideal generated
by p(c) in L, where p(x) = 1 + k1x+ · · ·+ knx
n ∈ K[x]. Then
(a) vBmv = (vBv)m, for any m > 0;
(b) Bm 6= Bn for all 0 < m < n.
Proof. (a) Clearly (vBv)m ⊆ vBmv. We show that vBmv ⊆ (vBv)m. Now a
typical element of vBmv is a K-linear sum of finitely many terms each of which,
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being a product of m elements of B followed by multiplication by v on both
sides, is of the form
v[α1β
∗
1p(c)γ1δ
∗
1 ][α2β
∗
2p(c)γ2δ
∗
2 ] · · · [αmβ
∗
mp(c)γmδ
∗
m]v (∗)
where the αi, βi, γi, δi are all paths in E. Now (∗) can be rewritten as
[vα1β
∗
1p(c)v][vγ1δ
∗
1α2β
∗
2p(c)v][vγ2δ
∗
2α3β
∗
3p(c)v] · · · p(c)v][vγm−1δ
∗
m−1αmβ
∗
m
p(c)γmδ
∗
m
v]
which is clearly a product of m elements of vBv and hence belongs to (vBv)m.
Thus vBmv ⊆ (vBv)m and we are done.
(b) Since c has no exits, vLv
θ
∼= K[x, x−1] where θ maps v to 1, c to x and c∗
to x−1. As vp(c)v = p(c), vBv = B∩vLv contains p(c) and is the ideal generated
by p(c) in vLv. Thus vBv is isomorphic to the ideal 〈p(x)〉 in K[x, x−1] under
the map θ. If Bm = Bn for some 0 < m < n, then vBmv = vBnv. By (a), we
then get (vBv)m = (vBv)n and this implies that, in the principal ideal domain
K[x, x−1], 〈p(x)m〉 = 〈p(x)n〉 for 0 < m < n, a contradiction. Hence Bm 6= Bn
for all 0 < m < n.
Observe that if I is an ideal of LK(E) such that I
n is a graded ideal for
some n > 1, then I must be a graded ideal. Indeed I = In. Because, if I 6= In,
then I/In becomes a non-zero nilpotent ideal in LK(E)/I
n, a contradiction as
LK(E)/I
n is isomorphic to a Leavitt path algebra and its Jacobson radical is
zero.
It then follows from the preceding observation that if I is a non-graded ideal
of LK(E), then for any integer n > 0, I
n must also be a non-graded ideal. But,
as Theorem 3.6 below shows, the intersection of its powers
∞⋂
n=1
In must be a
graded ideal.
Theorem 3.6 Let I be a non-graded ideal of a Leavitt path algebra L of an
arbitrary graph E. If H = I ∩ E0 and S = {v ∈ BH : vH ∈ I}, then
∞⋂
n=1
In =
I(H,S), the largest graded ideal contained in I.
Proof. Now L/I(H,S) ∼= LK(E\(H,S)). Identifying I¯ = I/I(H,S) with its
isomorphic image in LK(E\(H,S)), I¯ is an ideal containing no vertices and so,
by (Proposition 2, [10]), I¯ is generated by an orthogonal set {pj(cj) : j ∈ Y },
where Y is an index set and, for each j ∈ Y , cj is a cycle without exits in
E\(H,S) and pj(x) ∈ K[x]. For each j ∈ Y , let Aj be the ideal generated
by the vertices on cj . It was shown in (Proposition 3.5(ii), [3]) that the ideal
sum
∑
j∈Y
Aj =
⊕
j∈Y
Aj . Since pj(cj) ∈ Aj , I¯ =
⊕
j∈Y
Bj where Bj is the ideal
generated by pj(cj). By Proposition 3.5(iii) of [3], each Aj is isomorphic to
MΛj (K[x, x
−1]), where Λj is a suitable index set representing the number of
paths that end at cj but do not contain all the edges of cj . So Bj is isomorphic
to an ideal Nj of MΛj (K[x, x
−1]). As MΛj (K[x, x
−1]) is Morita equivalent to
K[x, x−1] ([1], [7]), there is a lattice isomorphism φ : L −→ L′, where L,L′ are
the lattices of ideals ofMΛj (K[x, x
−1]) and K[x, x−1], respectively [6]. Now, for
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a fixed j, Bmj 6= B
n
j for all 0 < m < n, by Lemma 3.5. Hence the corresponding
ideal Nj also satisfies N
m
j 6= N
n
j for all 0 < m < n. So we get an infinite
descending chain of ideals
φ(Nj) ⊃ φ(N
2
j ) ⊃ . . . ⊃ φ(N
n
j ) ⊃ . . . (∗∗)
in K[x, x−1]. Let N =
∞⋂
n=1
φ(Nnj ). If N 6= 0, then K[x, x
−1]/N satisfies the de-
scending chain condition, as K[x, x−1] is principal ideal domain (see e.g. Theo-
rem 32, Ch. IV-15, [13]). This is a contradiction since the chain (∗∗) induces an
infinite descending chain of ideals in K[x, x−1]/N . Hence N =
∞⋂
n=1
φ(Nnj ) = 0.
Then Lemma 2.3 implies that
∞⋂
n=1
Bnj = 0 for each j. Since I¯ is a (ring) direct
sum of the ideals Bj ,
∞⋂
n=1
(I)n = 0. This means that
∞⋂
n=1
In = I(H,S). As noted
in Lemma 3.6 of [9], I(H,S) is the largest graded ideal of L contained in I. This
completes the proof.
Remark 3.7 In the proof of Theorem 3.6, observe that the direct sum of ideals
I¯ =
⊕
j∈Y
Bj satisfies (I¯)
m 6= (I¯)n for all positive integers m 6= n, as each Bj
satisfies the same property. Clearly, the same holds for the ideal I. Thus every
non-graded ideal I of a Leavitt path algebra satisfies Im 6= In for all integers
0 < m < n. Moreover, by the statements preceding Theorem 3.6, each In must
be a non-graded ideal.
W. Krull showed that if I is an ideal of a noetherian integral domain R,
then
∞⋂
n=1
In = 0 and more generally, if R is a commutative noetherian ring,
then
∞⋂
n=1
In = 0 if and only if 1 − x is not a zero divisor for all x ∈ I (see
Theorem 12, Section 7 in [13]). From Theorem 3.6 and its proof, using the fact
that a non-zero graded ideal always contains a vertex, one can easily obtain the
following analogue of Krull’s theorem for Leavitt path algebras.
Corollary 3.8 Suppose I is an ideal of a Leavitt path algebra LK(E) of an
arbitrary graph E. Then the intersection
∞⋂
n=1
In = 0 if and only if I contains no
vertices of E.
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